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Abstract 

We consider a number of boundary value problems involving the p-Laplacian. The model 
case is —A p u = V\u\ p ~ 2 u for u G Wq 2 (D) with D a bounded domain in R n . We derive 
necessary conditions for the existence of nontrivial solutions. These conditions usually involve 
a lower bound for a product of powers of the norm of V, the measure of D, and a sharp 
Sobolev constant. In most cases, these inequalities are best possible. Applications to non- 
linear eigenvalue problems are also discussed. 

1. Introduction 

Let D be an open bounded region in R n , with n > 1. Define the p-Laplacian by 

A p u = div(|Vw| p ~ 2 W). (1.1) 

for 1 < p < oo. Apart from its intrinsic interest, the p-Laplacian arises in the study of 
non-Newtonian fluid mechanics both for p > 2 (dilatant fluids) and 1 < p < 2 (pseudoplastic 
fluids), see |ASj . It also arises in the study of of quasiconformal mappings |Hoj and other 
topics in geometry [U]. The one dimensional case also arises in models of turbulent flow of 
gas in porous media |ORj . In this work, we consider equations such as 

- A p u = V\u\ p ~ 2 u, u G Wq' p (D), (1.2) 

where V is assumed to be real- valued and integrable, and u is assumed to be complex- 
valued unless stated otherwise. We assume nothing about the boundary of D. This paper 
generalizes previous work by the authors |DEHLj . (also see |DHlj . [DH2j ). where the case 
p = 2 is considered. Of course for p = 2, A p is the well-known linear Laplace operator. 
Assuming a non-trivial solution to fll.2p . we prove inequalities of the form 

K\\V\\ > 1. 
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To state a typical result, we need more notation. Suppose 1 < p < n and q < ^3-. Let 

K = K qp = K(q,p } n, D) be the Sobolev constant of the embedding W ' P (D) — > L q (D). That 
is, 



K q:P = sup 





\u\\ 


Q 




Vu 





By Lemma |5.2[ equality is attained in (II. 3p by a nonnegative extremal function u*. We have 
similar results (see Lemma [5 .ip and adopt similar notation when p > n and q < 00. Our first 
such result is: 

Theorem 1.1 Suppose 1 < p < n and - < r < 00. Let q satisfy 1/r + p/q = 1, so that 
q < Suppose V G L r (D), and u G W Q ' P (D) is a nontrivial solution of U.S\) . Then 

K p J\V+\\ r >l. (1.4) 

Let > be an extremal for U.3\) given by Lemma \5TB. Then U.ty) holds with u = u*, and 
equality in (fT^Jj is attained when 

V(x) = c*u q ~ p (x), where c* = 

The proof of Theorem II. II is presented in Section 2, where we also consider the case p > n 
with r > 1, and the case p < n with r < n/p. We consider the case p = n > 1 in Section 3. 
The variations of Theorem 11.11 presented in the paper complement results in [OR] and [BGGJ 
and references therein, where sufficient conditions for the existence of solutions to (11.211 are 
proved for n = 1. 

A key ingredient here is the imbedding of Wq ,p (D) into various Banach spaces, based on 
inequalities of Sobolev or Moser-Trudinger. An interesting theme here is that (jl.2p is the 
Cauchy-Euler equation for the extremals of these imbeddings. The associated functions V 
are extremals for our proclaimed lower bounds, such as (II .4p . For a related discussion, see 

m- 

We can estimate the Sobolev constant K(q,p,n, D) in terms of \D\. Let B be a ball 
with \B\ = 1, and let K* = K(q,p,n, B). Standard arguments involving scaling and sym- 
metrization, [LLj . show that K(q,p,n, D) < \D\ 1 ^ q ^ 1 ^ p+1 ^ n K* p . Inserting this into (II .4p . we 
have 

|D|^-^/n(^||y + || (?/p)t >l. (1.5) 

This is a minimal support result, which is a special type of unique continuation result, see 
[DEHLj. That is, if \D\ is too small to satisfy (11.51) . then any solution to (11.21) must vanish 
on D. Similar remarks apply to many other results in this paper. 

Equation (II. 2p can be viewed as a generalization of the non-linear eigenvalue equation: 
— A p u = E\u\ p ~ 2 u, u G Wq' p (D), where £eR. Such eigenvalue problems have been studied 
by a number of authors, see [LeJ and references therein. A further generalization follows easily 
by applying Theorem 11.11 to the function V + E: 

Corollary 1.2 Let p,q,r be as in Theorem Let V G L r (D). Let u G Wq' p (D) be a 

nontrivial solution of 

- A p u-V\u\ p - 2 u = E\u\ p -\ (1.6) 
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where E < is a constant. Then \\(V + -E , )+|| r > 1- 

This result can by viewed as a lower bound on the eigenvalues of ( 11.6H . Sufficient conditions 
for solvability of ( II. 6p can be found in [HR] . The case of Neumann boundary conditions with 
V > 0, along with application to degenerate parabolic equations, is studied in [B]. 

The following corollary is basically a rephrasing of Theorem 11.11 

Corollary 1.3 Letp,q,r be as in Theorem[lJ\ Let Q = {V G L r (D) : V(x) > 0, \\V\\ r = 1}. 
Then among all pairs (E, V) G R + x Q for which there exists non-trivial u G Wq' p (D) such 
that 

- A p u = EV\u\ p -\ (1.7) 

we have 

E> 1 



K p ' 



Equality is attained when u = u*, as defined in Lemma \5. 4 with V 



u 



q-p , 



Note that l/K p q is the smallest eigenvalue of ( 11.71) . and the corresponding eigenfunction. 
Corollary 11.31 can be compared with the following result in |CEP] . Fix Vq > with Vq G L°° 
and ||Vo|| r = 1- Let Q\ be the set of all measurable rearrangements of Vq. Then among all 
pairs (E, V) G R + x Q\ for which there exists a positive u G W ' P (D) such that (11.71) holds, 
there exists V\ that minimizes E. Furthermore, letting u\ be the corresponding positive, 
normalized eigenfunction, there exists an increasing function <p such that V\ = 4>(ui). A 
formula for <fi is not given, and seems to be difficult to deduce from the methods in |CEPj . 
It would be interesting to see how Vi, relate to the pair V, z — > z q ~ p appearing in Corollary 
11.31 We remark that analogues of Corollaries 11.21 and 11.31 hold for the variants of Theorem 
11.11 that will follow. 

Our paper is organized as follows. In Section 2, we present lower bounds on ||V|| based 
on the inequalities of Sobolev and present examples to demonstrate sharpness. In Section 3, 
we present lower bounds on an Orlicz norm of V, based on the Moser-Trudinger inequality. 
In Section 4, we study two generalizations of (II. 2ft : the equation — A p u = V{x)\u\^u with 
f3 ^ p — 2, and the equation — A p u = V(x)f(x,u,'Vu). Finally, we have collected some 
technical lemmas, perhaps not entirely new, in an appendix. 

2. U lower bounds. 

In this section we assume that the potential V belongs to some Lebesgue space L r (D), with 
r > 1, and then show that ||V|| r must be large. 

2.1 The basic theorems 

We assume u G W Q ' P (D) and that (11.21) holds in the distribution sense. That is, for every 

Vu(x)\ p ~ 2 Vu(x) ■ Vip(x) dx= V(x)\u(x)\ p ~ 2 u(x)il)(x) dx. 
d Jd 
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Define q = for p < n, and q = oo for p > n. Recall that if 1 < p < n, then u £ L q (D) 
for 1 < q < q. If p > n, then u £ C°(D) PI L q (D) for 1 < g < oo. Unless stated otherwise, 
we assume p < q and r = (q/p)* is the Holder conjugate of g/p, meaning 1/r + p/q — 1, as in 
Thm. O 

In Theorem 12. 14 we consider cases where f ll.4p and (II. 3p have no extremal, for example, 
when p < n and q = q < oo. Note that in effect r = (q/p)* = n/p. In this case, the Sobolev 
constant does not depend on D and can be computed explicitly [T] . For brevity in proofs, we 
may abbreviate it, letting K = K q ^ p . For p > n, extremals do exist for the Sobolev constant 
Koo, P , but they don't solve ( 11.21) with V £ L l (D), see Section 2.2. 



Theorem 2.1 Let 1 < p < n and let u £ Wq' p (D) be a nontrivial solution of U.2fy . with 
V £ L n ' p (D). Then 

^||^ + || n/p >l. (2.1) 

If p > n and V £ L l (D), then 

^Jlnlli>l. (2-2) 
The constant 1 is sharp in both 1(2. 1\) and 1(2. 2\) when D is a ball. 

If desired, one can replace ||V+|| n / p in (12. ip or (12. 2p by ||V|| n / p . In that case the constant 1 is 
still sharp, with the same proof. 

A maximal principle formulated in ( [GTj . Theorem 10.10) implies an inequality of the 
form c|| V^_||„/p > 1, similar to (12. ip . But it is not clear whether the constant c is sharp. 

The following extension of Theorem 11.11 handles the cases where V £ U with r > n/p for 
p < n, and r > 1 for p > n. In both cases, the Sobolev embedding is compact, and we have 
extremals for (II. 3p satisfying (II. 2p with V in a Lebesque space. 

Theorem 2.2 Suppose max(l, -) < r < oo. Suppose V £ L r (D), and u £ Wq P (D) is a 
nontrivial solution of M.2\) . Then 

Kl p \\V + \\ T >\. (2.3) 

Let > be an extremal for (Q73j) given by Lemmas I5.il or \5.2\ Then M.2\) holds, and 
equality in i2.'3\) is attained, when 

V(x) = c*ul~ p (x), where c* = - — r^. (2.4) 

11^* II Q 

We have the following simple consequence of Theorems 12.11 and 12.21 which includes 
Corollary O special case. 

Corollary 2.3 Let u £ W^ ,P (D) be a nontrivial solution of 

-A p u - V\u\ p - 2 u = E\u\ p - 2 u. 
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where E < is a constant. 

(a) Ifp <n andV e L n ' p (D), then K% tP \\(V + E)+\\ n/p > 1. 

(b) Ifp>n andV E L 1 (D), then J\(V + E)^ > 1. 

(c) 7/max(l, J) < r < oo and V e L r {D), then KpJ\(V + E) + \\ r > 1. 

The obvious analogue of Corollary 11.31 also holds. 

Proof of Thm \2.2\ Since max(l, -) < r < oo we have q < q, which allows Sobolev's inequality 
(12.51) below. Also, using Green's identity (see Lemma 15.4)) . and Holder's inequality based on 
1/r +p/q = 1, 

\\u\ 



s < 


K p [ \Vu\ p dx 


(2.5) 




K p [ V\u\ p dx 
Jd 




< 


K p [ V + \u\ p dx 
Jd 

K p \\V + \\ r \\u\\ p q . 


(2.6) 


< 


(2.7) 


> 1, 


and (]2.3|) holds. 


This type of proof, which also 



Since \\u\\ q > 0, we have if p ||V+|| r 
appears in |DEHL] and later in this paper, will be referred to informally as a minimal support 
sequence. 

We now show that equality can be attained in (I2.3p . By Lemmas 15.11 15.21 and 15.31 there 
is a w* > for which (12. 5p holds with equality, with ||Vw*|| p = 1 and 

u q ~ p 

- A p u* = * u*. (2.8) 

\\q 

Setting V = ul~ p /\\u*\\ q ', we also have equality in ( 12. 61) . Equality occurs in (12. 71) because 

(\ U *\ P )^~ 1 = \ U *\ 9 ~ P = see f° r example |LLj . p. 45. □ 

For more insight into why the extremal for Sobolev's inequality generates the extremal for 
(12.3]) . the reader is referred to [HJ. 

Remark: the method of proof of Theorem 12.21 can easily be applied to study the equation 
div(a(x)| Vm| p_2 V , u) = V\u\ p ~ 2 u, where a is a positive function with a,l/a e L°°. Other 
results in this paper can also be generalized in this way. 

Proof of Thm \2. 1\ We begin with the case p < n. The proof of Thm l2.2l shows that V^Hr > 
1 when r = (q/p)* = {q/p)* = n/p. It is well-known [T] that when q = q, and u is nontrivial, 
equality cannot occur in (12.51) for any bounded domain D. So, i^ p ||V+|| n / p > 1, as desired. 

To show that the constant 1 is sharp in ( 12. ip . we will set D = B^(0) and construct u, V 
on D so that if p ||F|| n / p ->• 1 as Ft -)■ oo. Since 1 < lf p ||V r + \\ n / p < K p \ \V\ \ n / p , this implies 
K p 1 1 V+ 1 1 n /p can be arbitrarily close to 1. Let p = \x\. For radial u, 

n — 1 s — 1 

Apu(p) = \u p \ p ~ 2 ((p - l)u pp + ~^u p ) = (p - l)\u p \ p ~ 2 (u pp + ~^u p ), (2.9) 
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for s = ^— j 1 + 1. The extremal for the Sobolev embedding W ' p (R n ) — > L q (R n ) for 1 < p < n 
with critical index q = pnjin — p) is given by 

v (x) = (1 (2.10) 

where p' — p/(p — 1), see pQ. Define V v by — A p t> = V v v p ~ l . Applying the minimal support 
sequence to v, V v with r = n/p, and with D = R n (temporarily), we get i^ p ||V^|| r = 1. 

Below, let C be a positive constant whose value may change at each step, and let R be a 
constant that eventually will approach infinity, so we can assume without loss of generality 
that R > C. The other constants below may depend on R, but K does not, as it is independent 
of dilation in this critical case. Let R > R + 1 to be specified later. Set 

( v, < p < R, 

u = < a — bp, R < p < R + 1, 
I cp 2 ~ s + d, R + 1 < p < R. 

To make u and u p continuous at p = R and at p — R + 1, let 

a-bR = v(R), 

^-RP'-^l + RP 



( n P) dp'-1/i , r>p'\-n/p 



(p-1) 

c = (.R+l) 5 - 1 ^'-^^^')-"^, 
VP - l ) 

Note that by (I2.10p . b = \v p (R)\ < Cv(R)/R for some C independent of R. Assuming 
R > C, 

u{R+ 1) = a - b(R + 1) = - b > v{R){l - C/R) > (2.11) 

Since lim^oo cp 2 ~ s + d = d < and w is continuous, there is some R > R + 1 so that 
u(R) = 0. Set D = 5r(0), and note that u C ^^^(D) is radial and nonnegative. Define ^4 

by — A p M = K^ 1 - For R < p < R+ 1, we get |K| = I^E^rl < C^" p - For R + 1 < p, 
we have 

A p (p 2 - S ) = 0, (2.12) 

hence V u = 0. So, 

/ |Kr /p <C / R~ n + [ \V v \ n/p - 

JD J R<p<R+l Jb r (Q) 

As R — > oo, the first integral is bounded by CR~ X which converges to 0. The second integral 
converges to 
(11.21) when p < n. 

We now address the case p > n. The proof of Thm 12.21 applies, with q = q = oo and 
r = 1, and hence > 1. We will show in the next subsection, in Thm |2~^EI that 

the last inequality is strict, ie. ^HV'+lli > 1, and that the constant 1 cannot be improved, 
completing the proof. □ 



converges to = K n , so K P \\V U \\l™/p(d) ~^ 1) as desired. This proves sharpness of 
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2.2 Inequalities for bounded solutions with V 6 L 



If p > n then u G L°° and we may consider V G L X (D) in Theorem 12 .11 The lower bound for 
still holds, but the usual Euler-Lagrange equation ( 15.2ft does not, raising interesting 
new questions about sharpness and extremals. We prove an analogue of Theorem 12.11 replacing 
L l (D) with the space M of signed measures V on D, (see e.g. |Ruj for the definition and 
properties of signed measures) with norm || V|| ji^ = |V|(I?) < oo. In the special case where 
V G V-{D), we have \\V\\ M = \V\(D) = J D \V(x)\dx = \\V\\i. We also recall V+ = \{V + \V\). 
Assume (JX2J) holds for V G M, ie. 

/ \Vu\ p ~ 2 Vu ■ V0 =< V, \u\ p - 2 u(j) >, V0 G C™{D). 
Jd 

Here < *,* > denotes the pairing of signed measures with continuous functions. Let <fi n G 
Cq'(D) converge in W 1,P (D) 1 and hence in C°(D), to u. It then follows that 

/ |Vu| p =< V, \u\ p > . (2.13) 
Jd 



Theorem 2.4 Assume u G W ' P (D) is a nontrivial solution of $1.2\) . with V G M. Then 

K^ p \\V + \\ M > 1. (2.14) 

Equality is attained when V = S z (x), where 5 Z is a Dirac mass at some point z G D. 

When V G L l (D), equality is not possible, but the constant 1 cannot be replaced by any larger 
constant. 

Proving the last assertion of this theorem will complete the proof of Theorem 12.11 
Proof: Let K = K^^. Using (|2.13|) . we have the minimal support sequence 

HI*, < K p \\Vu\\ p p 

= K p < V, \u\ p > 

< K p < V+, \u\ p > 

< K^WV+WmWvFWoo. (2.15) 

The inequality (12. 14ft follows immediately. We now demonstrate extremals for this inequality. 
By Lemma 15.11 there is a non-negative extremal G Wq' p (D) for the Sobolev inequality 
used in (I2.15p . that is 

Halloo = if||Vw*|| p . (2-16) 

This represents a scalar multiple of the extremal in Lemma 15.11 That is, we do not assume 
||Vw*|| p = 1. Since is continuous, it attains its maximum value at some point z G D. So, 
(I2.16P can be rewritten 



where maximizes the right-hand side among all u G Wq(D). We now apply the Euler- 
Lagrange method to this. Let G Cq°(D), and let u e (x) = u*(x) + e(p(x). Then 



o = -( 

gives 



d f \u e (z)\ 

l\e=0 



de \\Vu e \\p 



= (j)(z) - u*(z)\\Vu*\\- p / |Vn,| p - 2 Vn, ■ V<pdx. 

Jd 

Normalizing, we can assume u*(z) = 1, so 1 = K\\ Vtt*|| p , and the above shows is a weak 
solution to 

- A p u = K~ P 5 Z , (2.17) 

and it satisfies (11.21) with V* = K~ P 5 Z . Since ||5 z ||m — 1; we have .K" p ||K||m = 1, and hence 
V* is an extremal. 

Now suppose (12.141) was an equality for a V G L l (D) with corresponding solution u to 
(11.21) . Then the argument leading to (12.151) would imply WuW^ = K P WVu\\ p , so u would be an 
extremal for the Sobolev inequality. Hence, by the argument above, — A p u = K~ p 8 z \u\ p ~ 2 u = 
V\u\ p ~ 2 u as distributions, for some z G D. This implies V^Im^ -2 ?/ = a.e., so that A p u = 
as a distribution. But then u = 0, a contradiction. 

Next, to show that the constant 1 in (12.141) is sharp for V G L 1 , we construct examples on 
D = Si(0) such that K^V^ 1. Define Sobolev extremal as above. By standard 

symmetrization, we may assume u* is radially non-increasing, so that z = 0, and by (12.171) 
— A p u* = away from 0. Using (12.91) and solving an ordinary differential equation, we get 

u*[x) = 1 — pp- 1 . 

We approximate it* by a function u such that V u = G L 1 . Let e > and let u = u* 
outside B e (0). On B e (0), define u(p) = a — bp 2 such that u'(e) exists. Note A p u G L x (i?i(0)), 
so V u G L 1 too. Also, A p u < there, because p > n, b > 0, and u" + (n — l)u'/((p — l)p) = 
-26[1 - (n - l)/(p - 1)] < 0. So V u > 0, and 

||K||i= / V u dx<u\- p {e) [ V u u p ~ 1 dx = -u\- p (e) [ A p u dx. 
Jd Jd Jd 

Let v G C °°(D) with u = 1 on B e (0). Then 

ApU dx = / v ApU dx = I |Vm| p_2 Vm ■ dx — / | Vu*| p_2 Vn i(! • Vf rfx. 
D J D ' J d Jd 

By (I2.17P and the definition of Ap-u*, we get J D A p u dx = —K~ p . As e — > 0, we have 
^^(e) — >■ 1, so that ||V^||i — » fC _:P , as desired. 



2.3 On the failure of other norms on V 

The proofs of Thms. 12. H and [2.21 depend on the Sobolev and Holder inequalities, which impose 
the restriction r > n/p (when p < n). In this section, we prove that if r < n/p, \\V\\ r can be 
arbitrarily small. 
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Theorem 2.5 Let p < n and D = -Bi(O) C R ra . For every 1 < r < and every 5 > 0, there 
is a potential V$, with a nontrivial solution u G W 1,P (D) of M.Sfy , with \\V$\\ r < 5. 

Proof. We will specify e = e(8) G (0,1/2) later. With the usual convention that u(x) = 
u(\x\) = u(p), define 

u ( p ) = { a - b P^i 0<p<e. 

\p 2 - s -l, e<p<l, 

where s = ^Ej + l, and a, b are chosen to make u G Cq(D). So, b = ^^e _ ~ and a = ^e 2_s — 1. 
Since u is radial, by ( 12. 9ft we have 



A„«(p) = {p-l)\u p \ p - 2 {u pp + 



s-l 
—u p ). 



On e < p < 1, by ( 12.121) we have A p u(p) = and Vg = 0. Let C denote positive constants 
that vary from line to line. For < p < e, u p (p) = —^[bpp^, u pp (p) = — j^zm bpp^^ 1 and 
-A p u(p) = Ce- n ; hence \V S \ = < Ce~ p . So, \\V s \\ r r < Ce n ~ rp < 5, for small enough e. 



3. The case p = n: Orlicz lower bounds. 
3.1 The critical case p = n>2: V G Llog^ 1 L(D) 



When p = n, the proof of Theorem 12.21 does not extend to r = ^ = 1, because W ' n (D) 
does not embed into L°°(D). In this section we assume instead that V is in the Orlicz 
space L log" -1 L(D), so that J D |V A |(log n-1 (l + | V|))cZa: is finite, and prove an analogue of 
Theorem 12.21 for that space. By Theorem 13.61 no such analogue holds for V G L \og k L(D), 
with < k < n — 1, and therefore not for V £ L 1 . 

As a substitute for the Sobolev inequality we will use the Moser-Trudinger inequality (see 
[M]). Let a n = (n™ -1 ^) 1 /", where co n is the surface area of the unit sphere in R n . Suppose 
u G WQ ,n (D) is real- valued. The inequality is 

exp((a n \u(x)\/\\Vu\\ n )~) dx < C n \D\. 

I D 

Let < a < (a n ) n be a fixed constant. Define 

pat i 

M(t) = / e s ^ - 1 ds (3.1) 
Jo 

and 

r>s/a 



/■s/a 

N(s) = / log n_1 (t + l) dt . 
Jo 



These are complementary Orlicz functions, see [KRJ. This non-standard choice for M, N 
allows an explicit formula for N(s), which is useful because iV is used in the definition of the 
norm of V. Let Pq(x) = 1, and P m (x) = X1a^=o ^(m-k)\ l x m ~ k for m > 1. Then, for n > 2, 

N(s) = (1 + -)P n _ 1 (log(l + -)) + (-l)»(n - 1)! . 
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The Orlicz class L N (D) is the set of measurable u such that J D N(\u\)dx < oo with L M (D) 
defined similarly. Fix c, with a 1 ^™ -1 ^ < c < (a n ) n ^ n ~ l \ By (13.11) there is a C > such that 

both M(t), M'(t) < Ce ct "~ for all t > 0. So the Moser-Trudinger inequality gives 

/ M flT^O rfx ^ ^Pl, V« G W 1,B P), (3-2) 

where the optimal constant Km depends on D, but is dilation- invariant and independent of 
u. 

Remark: An example in [M] shows the (I3.2p does not hold if a = (a n ) n for n > 3. The case 
n = 2 is discussed later in a remark below. 



V\\ N = inf { A + — ^ttt / iV ("Jl^Ml \ dx; A > }> < oo, (3.3) 



We define the norm of V G Llog L(D) by 

A 

see [KR]. For fixed V, we set F(A) = A J D N dx, so that \\V+\\ N = inf |a + ^g^}- 

With the norm for L M defined analogously, standard arguments show that the injection 
Wo' n (D) -»■ L M (D) is compact. 

Lemma 3.1 There exists a non-negative extremal u for A3.2fy . Furthermore, the Euler La- 
grange equation for A3, with the normalization ||Vu|| n = 1, is 

-A n u = Vu 71 ' 1 

where 

= MW) Llog n_1 L(D). (3.4) 

Sketch of Proof: By the compactness of W / 1,n (Z)) — > L M (D), there is an extremal for ( 13.2H . 
Variational work similar to that done for Theorem 12.41 gives the equation in (13. 4ft . That 
V G Llog"" 1 L(D) follows from (13TH . 

Our main result for the case p = n is: 



fin 



Theorem 3.2 Assume that Al.ty) has a nontrivial solution u for V G L\og n L(D). Th 

K M \D\\\V+\\ N >1, (3.5) 

where Km is the optimal constant in A3, ty) . With u = and V as in Lemma \3. 1\ equality is 
attained in $3. 5\) . and $1.2\) holds. 

Remark: The method of proof of Theorem 13.21 can be adapted to the Orlicz function 

n-l 

M(t) = e ^ 1/<n - 1} - Y,{<t) h/in ~ l) lk\ , 

k=0 

for which, by jLi], (13 ,2p has extremals for n > 2. For n = 2, we observe this formula is (13.11) 
with a = (a 2 ) 2 . 

Theorem 13.21 follows immediately from the following: 
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Theorem 3.3 Suppose that ( li.ff)) has a nontrivial solution u with V G £log n 1 L(D). Then, 
for every A > 0, 

XK M \D\+F{X)>1. (3.6) 
Equality can be attained in k3. 6\) with and V as in Lemma [3J\ and U.ty) holds. 

Proof of Theorem\3lk Fix u, V with ||Vw||„, = 1. Let U = \u(x)\ n . For fixed A > 0, set 
v = ■ It is well known for any Orlicz pair (M, N) that Young's inequality gives 

Uv < M(U) + N(v) (3.7) 

with equality if and only if v = M'(U). By Green's identity (Lemma I5.4p . the definition of U 
and flSZTD, 

1 = ||Vw||™ = I \u\ a Vdx 
Jd 

< [ UV+dx 

< A / M(U)dx + F(X). 

Jd 

By dS2}, / M{U)dx < K M \D\ and (ED follows. 
Jd 

Let and K be as in Lemma |3~T| so that — A n u* = Vu™ -1 , where V = w _1 M'(-u™) > 0, 
where 

u= [ M'{v»)v»dx. 
Jd 

Let U = U* = w™, so f D M(U*)dx = K M \D\ (see (13. 2p ). Setting A = u^ 1 , we have v = 
V + /X = M'(Z7*), so equality holds in (13. 7J - From the definitions of V, U* and u, we have 
f D \ U*V\dx = 1. Then, integrating (13.71) . 

1 = A / M(C/,) cfe + F(A) = Aif M |L>| + F(A). 

Thus for these choices of u, V and A, (13.61) is an equality, and also (11.21) holds. □. 
Corollary 3.4 Let u G Wl' n {D), and V G Llog"" 1 L(D). If 

-A n u - V\u\ n ~ 2 u = E\u\ n ~ 2 u, 

with E < 0, then 

k m \d\ iKy + ^+i^^i. 



n 



Corollary 3.5 Let M,N be as above. Let Q = {V G L N (D) : V(x) > 0, \\V\\ N = 1}. Then 
among all pairs (E, V) G R + x Q for which there exists non-trivial u G Wq ,u (D) such that 

-A n u = EV\u\ n - 2 u, 

we have 



with equality attained by u and V/E, with u, V as in Lemma \3.1[ Furthermore, V(x) = 
<fi(u(x)), with (j) an increasing function whose explicit formula can be found in Lemma \3.1\ 

As with Corollary 11.31 this result can be compared to the result in |CEPj cited in the intro- 
duction. 

3.2 A counterexample for V G L log fc L(D), k < n — 1. 
The purpose of this subsection is to present: 

Theorem 3.6 Let n > 2 and < k < n - 1. Let N(s) = f* /a log fc (t + 1) dt. For every S > 0, 
we can find a non-negative Vg G L\og k L(B 1 (0)), and a positive solution u G ^^'"(^(O)) of 
—A n u = V$u n ~ l , such that ||Va||jv < 5. 



Note that when k = 0, V s G L l . 

Proof of Theorem \3.(j\ Our constructed functions will be radial and positive. By ( 12.9 

A n u{p) = (n - l)\u p \ n ~ 2 (u pp + -^Up). 
Let 5 > be given and 0<e< 1/2 to be determined later. Let 



u{p) 



a — bp"- 1 if < p < e 
— log(p) if e < p < 1 



where a and b are chosen below so that u is differentiate. Note that A n u(p) = for e < p < 1. 
Continuity at p = e of u p requires b = — -e - "^ 1 , and of u requires a = r ^ — log(e). Let C 
denote a constant which may change from line to line. We define Vs = V by the equation 
— A n u = Vu n ~ 1 ) which gives V = for e < p < 1, and V < for < p < e. Hence, 

11 i € } 



C|log(e)| fc 

iv \ \v \j ax ^ ■ 

Bi(0) 



N(\V\)dx< 

|log(e)|" 1 



Let A = 5/2. Observe that log(at + 1) < alog(t + 1) for a > 1. So, by the integral definition 
of N(s/\), we have N(s/X) < X- {k+ ^N(s) = CN(s), for all s > 0. Hence 

A + K £rm I N (\ V \/ X ) dx<8/2 + C f N(\V\) dx < 6/2 + ^f ^ . 
K M \Bi(0)\ J Bl(0) J Bl{0) |log(e)|" 1 

Choosing e so that C\ log(e)| fc ~ (n_1) < 8/2, the result follows from ( 1331) . □ 
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4. Equations with other nonlinear terms 



We consider the equation 

- A p u = V\ufu (4.1) 
where > — 1. This is assumed in the weak sense, that 

/ \Vu\ p ~ 2 Vu- Vtpdx= [ V\u\ p uif>dx, W> e C™(D). 

J D J D 

Theorem 4.1 Let 1 < p < oo and r > 1. Define q = r(j3 + 2)/(r — 1), and assume q <q. 
Let u G Wq' p (.D) 6e a nontrivial weak solution of with V G L r (D). Then 



K p \\V+\\ r \\u\\^ z - p > 1. (4.2) 
where K = Kg P (D). If q <q, equality can be attained in fl^.jjp . 

Proof: We prove the result for p ^ n; the proof for p = n is almost identical. By Sobolev's 
inequality, u G L^(D), and hence m|m|^V G L^(D). It follows by Lemma [5.51 and Holder's 
inequality that 

\\u\\ p 4 < K p \\Vu\\ p p < K p [ \u(x)f +2 V+(x) dx < K p \\u\\? +2 \\V + \\ r (4.3) 

Jd 



from which f!4.2[) follows. 

If q < q, Lemma 15.31 provides a u, > 0, with ||Vw*|| p = 1, such that — A p u* = cul~ l with 



\uA\^ q = K- p \\u4 p r q . 



So, —A p u* = VuP + \ which is (HU), with V = V+ = cut 2 ' 13 ■ Thus, \\V + 
which gives equality in (14. 2p . □ 
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We now consider equations such as —A p u = V(x)\ Vu\ p 1 , and give conditions under which 
Kp^yVHr > 1. More generally, let u G Wg' p (.D) be a weak solution of 

— A p u = V(x)f(x, u, Vw). (4.4) 

There are numerous works giving sufficient conditions for the existence of solutions of equa- 
tions of this form with D being the unit interval, see |ORj . |BGG] and the references therein. 
In [BGG] . the authors prove the existence of multiple solutions for a family of boundary 
value problems that include f)4.4p . assuming that / is continuous and non- negative, and V is 
continuous on (0, 1), does not vanish on any open subinterval, and is L 1 . The following result 
partly generalizes Theorem 14. II and Theorem 3.7 in [DEHLJ. 
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Theorem 4.2 Assume that ft4-4\ ) holds, and 

\f{x,y,z)\ < \y\ p+1 \z\\ (4.5) 
with constants (3 > — 1 and 7 > 0. Assume V £ L r (D) with p ^ n and 

1 + ^ + 1 = 1, (4.6) 
r g p 

^||F|| r ||«|||+^^ > 1. (4.7) 

27ms result also holds when p = n and q is replaced by q < 00 in ft4.6j) an d i4- ty - 

Proof: We begin with p 7^ n. We will assume > — 1 and 7 > 0. The proof for /3 = — 1 
is similar. The proof for 7 = is similar to the proof of (I4.2p . By (14. 5p . (14. 6 p and u £ L^(D), 
we have Vf(x, u, V«) £ We can apply Lemma 15.51 and Holder's inequality to get 

\\Vu\\* = <Vf,u> 

< \\V\\r\\f\\t\\u\k, (4.8) 

where t is defined by - + j + = = 1. Define j by j(/3 + l)t = g for p < n and j = 00 for p > n. 
Let k = p/jt. Note that I + ± = t((/3 + l)/q + j/p) = 1, by flMD. By Holder again and (USD, 
we get 

ll/ll* < IN^IVuii* 

< IIM (/J+1)t llf IllVtti^iii 7 ' 

= lkliri|V W ||J. (4.9) 
Combining Sobolev's inequality, f !4.8[) and (14. 9p . we get 

iMir ^ ^si^iir < ^jri^iirikiir^ 

This proves (14. 7p . 

For the case p = n, we cannot assume u £ L 5 , but we have u £ L q for all g < 00. Assuming 
(14.61) holds with some finite q replacing q, the proof for this case is the same. □ 

5. Appendix 

5.1 Extremals and their Euler Lagrange equations 

Lemma 5.1 Let p > n and 1 < q < 00. Then there is a continuous non-negative Sobolev 
extremal £ Wq ,p (D), with ||Vw*|| p = 1 and 

\\u*\\ q = K q>p . (5-1) 
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Proof of Lemma \ 5.1l We prove the result for q = oo. The proof for q < oo then follows 
by using elementary arguments and observing that compact subsets of L°°(D) are compact 
subsets of L q (D). Let B w = {u G W^ P {D) : || Vu\\ p < 1}. For p > 1, W l ' p {D) is reflexive. 
Since Wq' p (D) is a closed subspace of W 1 ' P (D), it is also reflexive. Thus Bw is weakly compact 
with respect to the Sobolev norm. Moreover, the inclusion Wq ,p (D) — > C°(D) is compact. 
Let {u n } be a sequence in W ' P (D) such that 

1 . u n OO Tj r 

hm — — — = K^p. 

We can assume by scaling that ||Vw n || p = 1. Since B w is weakly compact in W ' P (D), 
there exists a subsequence {u nk } C {u n } that converges weakly to some G B w . By the 
compactness of the inclusion W ' P (D) — > C°(D), there is a subsequence of that we 

label again with {u nk }, that converges to some w G C°(D) in the strong topology of C°(D). 
That is, lim \\u nk — io||qo = 0. But M„ fc — >■ w* also in the weak topology of C°(D), ie. pointwise 

and so = w a.e.; consequently, io G -Bvk and ||Vw|| p < 1. We have 

^oo,p lim | ] ^rife 1 1 oo 1 1^| |oo; 
k— >oo 

and so J|_ > „. But recall that w = u* G Wn' p (D), and so } < -ft'oo p proving 

(15.11) for it, = w. If is not already non-negative, we can replace it by with no effect 
on (JSID (see [EE]). □ 

Recall that g = for 1 < p < n and g = oo for n < p. 

Lemma 5.2 Suppose 1 < p < n and 1 < q < q. Then there is a non-negative Sobolev 
extremal G W ' P (D) with ||Vm*|| p = 1 and 

\\'U'*\\q Kqp. 

The proof of this result is a straightforward adaptation of the proof of Lemma 15.11 (also see 
[DEHLJ), and is left to the reader. 

Lemma 5.3 Let 1 < p < oo and p < q < q, and let u* be a Sobolev extremal as in Lemma 
15.11 or Lemma \5.S[ Then 

u q ~ x 

a p u * = ( 5 - 2 ) 



I ^* 119 



The proof of Lemma [5.31 is similar to ([DEHLJ, Lemma 5.3), and is left to the reader. 

5.2 Green's identities for divergence and Orlicz forms. 

Lemma 5.4 Letu G Wq' p (D), with — div(Vu) = Vu in the distribution sense. Assume either 

A) p < n and V G L n / p (D), or 
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B) p > n and V G L r (D) for some r > 1, or 

C) n = p, u is real-valued and V G Llog n_1 L(D) . Then 



Vu\ p dx = / V\u\ p dx. (5.3) 

D J D 



Proof. By assumption 

/ |Vm| p " 2 Vm • Vipdx = [ V\u\ p ~ 2 wpdx (5.4) 

J D J D 

for every ip G C^°(D). Let {ip n } be a sequence of functions in C^°(D) that converges to u in 
Wq' p (D). Then 

/ \Vu\ p ~ 2 Vu-V^ n dx - I |Vm| p c/x < ||V^n - VmHpIIIVmIP" 1 !^. ^ 0. 
Jd Jd 

To complete the proof of f!5.3p . it suffices to show that V\u\ p ~ 2 wp n converges to V\u\ p in L X {D) 
in each case. Assume A), that p < n and V G L n l v {D\ By Sobolev's inequality, ij) n converges 

pn 

to u in L" = p(D) = L q {D). By Holder's inequality, 

\V\u\ p - 2 U1p n - V\U\ P \ dx < II^IU/plK" 1 !!^-!)!!^ ~u\\q ~> 0- 



D 

The proof in case B) is similar. So, assume C), and without loss of generality, that 
|Vtt||„ = 1. Let {ip m } C C^°(D) converge to u in Wq U (D). We can choose A m J, so that 
|V(u — ipmjWnKn ~~ 0- The Moser-Trudinger inequality implies, for n large, 

ei°"~^ dx < / e^ n Wl^rwrJ d x < (C n + 1)|D| < oo, 
d Jd 

with C n independent of u and ?/> m - A similar inequality holds when u ~^ m is replaced by u. 

, , , s n/(n — 1) ,i Kn i "i 

Let M and N be the functions defined in (EH). We have M(t) < Ce a ™ 1 and 
N(t) ~ tlog n-1 (t) for large t. It follows from V G Llog"" 1 L(Z>) that 



AT([T/|) < oo. (5.5) 



D 



Using Young's inequality, the inequality \ab\ < ^-a n ^ n ^ + ^b n , and Holder's inequality: 

u 



U n - l V(u-il m )\dx = X m I f 1 ^ V\<lr 

d Jd 



< \ m I Ml H "~ 1( ^ iJm)l ) dx + X m [ N(\V\)dx 

<D V * m / Jd 

< C\ rn I exp ( ( ^ } ) dx + X m I N(\V\)dx 



in i 

D \ \ / / JD 



/ -l n 1 -l 71 / 



D JD 

< X m {c( J e^ u ^dx\ " (J e^-^^dxY + J N{\V\)dx 
16 



Thus uip m \u\ n 2 V converges in L 1 {D) to |it| n V.n 

The next lemma is used in Section 4. It contains Lemma 15.41 parts A) and B) as special 
cases. 

Lemma 5.5 Let u G Wq' p (D) be a solution in the distribution sense of —A p u = F. Assume 
F E L®'(D) when n ^ p, and F e L r (D) for some r > 1 when n = p. Then, 

I \Vu\ p dx = I Fudx. (5.6) 
JD J d 

Proof. We have J D | Vu\ p ~ 2 Vu ■ Vipdx = j D Ftp dx for every ip e Cq°(D). The rest is similar 
to the proof of Lemma [5. 4[ part A). 
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